
A L L O W I N G  F O R  T H E  I N J E C T I O N  OF GAS W H E N  

C A L C U L A T I N G  S U P E R S O N I C  F L O W  A R O U N D  A C O N E  

A. M. M k h i t a r y a n  a n d  M. P .  O v s y a n n i k o v  UDC 533.601.15 

Supersonic flow around a cone is analyzed with due allowance for injection affects.  Equations 
are  obtained for  the p r e s s u r e  at the contact surface  and also the position of the condensation 
jump (shock wave) and its depar ture  f rom the vertex of the cone. Some numerical  resul ts  of 
the calculations are  presented.  

A theoret ical  solution to the problem of intensive uniform injection through the walls of a porous cone 
of infinite length was given in [1, 2] on the assumption of a detached boundary l aye r  and supersonic flow 
around the la t ter .  The solution was reduced to a determination of the position of the contact surface separa t -  
ing the flow of injected gas f rom the outer  conical flow. The a pr ior i  assumption [1, 2] as to the rect i l inear  
nature of the separat ing surface  of the current  agrees  with experiment  [3, 4], and for subsonic injection 
normal  to the surface  of the cone determines  its angle of inclination in relation to the aper ture  angle of the 
cone in the form 

In~lq-c~ + 2cos(Sq-A0) -- in  l q - c o s 6 , _ .  2 (1) 
1 - -  cos (6 q- A0) 1 - -  cos 2 (6 + A0) 1 --  cos ~ cos 8 

Subsequently, on the basis of his own experiments [4] and those of Otis [5], Bott showed that the position of 
the contact surface  depended, not only on the aper ture  angle of the cone, but also on the mass  flow and 
molecular  weight of the injected gas,  the t empera tu re  of the wall of the cone, and the p re s su re  at the contact 
surface.  The la t ter  pa rame te r  in turn depends on the conditions of the incident flow, the aper ture  angle of 
the condensation jump, and the effects of viscous interaction. 

The present  ar t ic le  constitutes a development of the ear l ie r  papers .  We shall show how to determine 
the p r e s s u r e  at the contact surface,  the aper ture  angle of the shock wave, and its departure  from the vertex 
of the cone on the basis of certain experimental  constants relating to the injection of gas into a supersonic  
flow and the resul ts  of the constant-densi ty  theory  [6, 7]. 

Let  us consider  an approximate solution to the problem of intense normal  injection into a supersonic 
flow at the wall of the cone, s tar t ing  f r o m  semiempir ica l  data based on the theorem of the momentum incre-  
ment, as applied to an a r b i t r a r y  volume OBC of the internal flow (Fig. 1). In this analysis  the control  su r -  
face of the volume should be formed by the wall of the cone 0]3. the contact surface  OC, and a surface  ob- 
tained by rotating the element 13C perpendicular  to the wall around the axis of the cone. For  uniform injec-  
tion and a rec t i l inear  separat ing surface of the current ,  the gas -dynamic  pa ramete r s  P6, P6, v6, T 6 and 
P6 + 40 are  independent of r and may be taken as constant. The p ressu re ,  density, and velocity of flow in 
the section ]3C vary  with the polar  angle 0. However, if we consider  simply the average values of these 
and regard  the flow in the range 6-(6 + &0) as subsonic and adiabatic, we may easi ly derive the following 
from the equation of continuity and the equation of the change in momentum in the volume OBC in the d i rec -  
tion of the cone wall 

rnZ ( RTa tg2A0i2=q~(l_qD ). (2) 
P~+a0 ~t 2tgA0 q- tg6 ] 

Changes in ~ may cause changes in ~v(1-~). Experimental  resul ts  [5] relating to the injection of gas 
into a supersonic flow for different Reynolds numbers  per  unit length of the cone, expressed in coordinates 
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of (2tg&0 + tg2A0/tgS) and m/P6 + Ao(RT6/p ) I /2 ,  show that ~(1-~) remains  constant over  a wide range of 
variation of the flows of injected gas.  

According to experiment,  the function q~(1-~p) = 0.!52 and a lmost  corresponds  to its mean value of 

1 

.I ~o(1-~o)d~o = 0.167 as ~o var ies  f rom 0 to 1. 
0 

Let  us introduce the notation 

l 

po+ o( we / 2 

From Eq. (2) we find 

1 

(3) 

Since V > O, we re ject  the second root as physica l lyunreal i s t ic ,  i.e.,  we have finally 

1 

1 ~ 
- i  1. (4) 

An increase  or  decrease  in the angle &0 of inclination of the contact surface to the surface of the cone 
for fixed angles 5 may be explained as being due to a decrease  or  increase  in the pa rame te r  7. For  large 

the flow model is such that the effects of mass  t r ans fe r  appear in the boundary layer .  For  ~ of the o rder  
of 0.5-1.0 the contact surface breaks  up [4, 5], and this corresponds  to the onset of l a rge - sca le  mixing 
between the injected gas and the gas of the external conical flow. 

For  these limiting cases ,  on the assumption of a thin cone, we easi ly derive the following from Eq. (4): 
1/2 - l  A0 ---~ CxT8 mpo+Ao, 

1 1 1 1 

A0 _--__ C2T~ m 2 ~ 2 tt ps+~o-- 6. (6) 

Here C 1 = (R/4pC)I/2;  C 2 = (R//~C)I/4 are  constants for any specified injected gas.  

In the problem of intensive injection, a certain difficulty a r i ses  in determining the p re s su re  P6 + zx0, 
since this is related to the pa rame te r  7. Let  us find the value of this for an external flow corresponding to 
hypersonic  velocities.  According t o  the assumption that a constant density exists behind the shock wave 
and that a e << 1, we have [6] 

= M2 ( 3 )  (7) P~+a0 ? =p~ 1 - - - -  e sink'S+p=, 
4 

where  

e _  y - - I  (14_ 2 ] 
V-+-I ' (? - -  l) M~ sin'13 " 

The p res su re  at the contact surface (without allowing for  viscous interaction) depends on the p res su re  and 
Mach number  of the unperturbed flow and the position of the shock wave, which is in turn associa ted with 
the injection pa ramete r s .  

In [7] the p re s su re  coefficient behind a conical shock wave was shown to be independent of the Mach 
number of the incident flow. In relation to our present  problem the resul ts  of [7] may  be written: 

sin 2 [~ = (8 + A0) lm + M= ~. (8) 

Here 5 and A0 are  taken in radians.  The increment  to the angle A0 associa ted with injection may be de te r -  
mined from Eq. (4), or  in limiting cases f rom Eqs. (5) and (6). For  injection in which the flow is descr ibed 
by Eqs. (5) and (6), the la t ter  resul t  may be writ ten in the form 

g' ,  q , I / 2  - - - - 1  '~1,87 (9) sin ~ [~ = (6 + ~1"~ mP6+Ao: + IriS2, 
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! ! ! _ •  

sin~l~= c.~'m~ ~p~+~o) + M-; ~. (lo) 

Clea r ly  for  l a rge  ~ the value of CiT~/Zm(p5 + A05) -I  << 1, and to a f i r s t  approximat ion  it is sufficient that  
Eq. (9) should be sa t is f ied  in the fo rm 

sinai3__ 51,s7 + z/2 0.s7 -1 (11) 1,87C1T~ m5 P6+a0 + M~ 2. 

The following condition follows d i r ec t ly  f rom (7) and (11) 
! 

Ps+ao Yi~5! ' 877 (? - t -7 )+72+57+4  l +  1 4- 3 0 ? ( ? + 7 ) ( ? +  ij~,~| , .~ (12) 
= , 2 !,8~ 72 + 4] ~ " p| 8 (v+l )  p=[M=6 ? ( ? + 7 ) +  +5v 

This express ion  ag ree s  with the theo ry  of constant  densi ty.  For  the value of ~ ~ ~ the express ion  takes  
the a sympto t i c  fo rm 

P~. _ _ M~ 8~'877(? + 7) + 72 + 5 7 +  4 (13) 
P| 4 ( ? +  l) 

On compar ing  the calculated data (without injection) based on Eq. (13) and the exact  values given in 
[8], we find good a g r e e m e n t  fo r  Moo > 3. The close a g r e e m e n t  thus obtained between these  r e su l t s ,  even 
for  fa i r ly  smal l  values  of Moo, explains the a g r e e m e n t  between Eq. (12) and exper imenta l  data for  any 
values  of ~6 > 1.1. 

F o r  smal l  values of ~6 we obtain the following f rom (7) and (10) a f t e r  some s imple  t r ans fo rma t ions  

P6+ao _ '7(?+7) M%[C2tnY62Tj-)l'sT+ ? 2  + 5? + 4 (14) 
p~ 4(V + ~.o,g3s 4(V + I) 

. j t ~ 6 + a O  

F o r  known p~o, M~, C2, m,  6, T 6 the p r e s s u r e  at the contaot su r face  may  be de te rmined  f rom this r e l a -  
t ionship by t r i a l  and e r r o r .  

I t  is e a s y  to show that,  for  the case  Moo >> 1 and ~ ~ 1, the f i r s t  t e r m  on the r ight -hand side of Eq. 
(14) is of the o r d e r  of M~6. Hence for  M26 >> 1 we obtain the following approx imate  r e su l t  f rom (14): 

[? (7 + 7) _ M~ '6t/Z "0 935C1 87T~ 467]~ P~+~o ~ L ~ + I )  "~ ~ ) ~ j (15) 

Equations (12) and (14), toge ther  with Eqs.  (4) and (8), de te rmine  the ape r tu r e  angle of the shock wave 
when gas  is injected into the conical a x i a l l y - s y m m e t r i c a l  flow. 

We m a y  also  demons t r a t e  the effect  of the p a r a m e t e r  ~ on the depar tu re  of the jump (shock wave) 
f rom the ver tex  of the cone, applying the approximat ions  of the theory  of constant  densi ty  [6] to the external  
conical flow. Then the m a x i m u m  value of the angle of the cone with the assoc ia ted  jump for  subsonic in- 
jection is de te rmined  by the equation 

,, 2 (2 --  ~) (16) 
tg (5 + AO) m -- 4V-~ 

The depar tu re  of the shock wave f rom the nose of the cone given by Eq. (16) for  the cor responding  
5 m is s t r i c t ly  valid under  hyperson ic  conditions. 

The combination of Eqs.  (8) and (16) and the equation for  e yields the resul t :  

2 ( ? +  1) ( ? +  1)[M~(5+A0)J'sz+I] 2 ( ? +  1) + ( ~ +  1)[MZ~ (5 +A0)t 'sz+ 1 

The angles 5 m may  be found for  var ious  numbers  Moo and p a r a m e t e r s  ~ by t r ia l  and e r r o r  f rom Eqs.  
(17) and (4). The p rob lem of finding 6 m is s impl i f ied  if the initial angular  inc rement  A0 in Eq. (17) is 
specif ied for  the l imit ing eases  of injection, i . e . ,  

! 

tgA0 ~ l~andtgA0 ~ - -  tg6 
2q 
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Fig. 1 Fig. 2 

Fig. 1. Flow pattern around a cone due to a supersonic flow of gas and injection nor -  
mal to the surface of the wall: I) shock wave; II) surface of separation; III) wall of 
porous cone. 

Fig. 2. Semiaperture  angle of the cone 6 m corresponding to the position of the depar -  
ture of the jump(shock wave) f rom the vertex of the cone in relation to M~ and ~. 

the argument  respect ively  taking the values 

, I t g 6 >  land~ltg6< 1. 

The resul ts  of some calculations based on Eqs. (17) and (4) are  presented in Fig. 2 in the form of a 
dependence of 6m on the Mach number Moo of the unperturbed flow for six values of ~. '  

The broken line represents  calculations corresponding to the exact solution of the case in which a 
supersonic flow occurs  around a cone without any injection. 

We.see from Fig. 2 that, although the resul ts  for ~ = r162 were obtained under hypersonic conditions, 
good agreement  with the exact solution (broken line) is achieved even for  fa i r ly  small  supersonic Moo num- 
bers .  This agreement  should c lear ly  also apply to the case of r/ < 0% 

Finally we should point out that our analysis  of the theoret ical  solution of [1, 2] corresponds  to injec-  
tion with ~5 << 1 and ~ = 0.1-0.3. This reduces the approximate relation (4) to Eq. (1) for  

(1)6 (18)  
~1 = V @(1 - o 2 )  '/2 - - 6  (1 --@~) ' 

where 
1 [ 1  A ( 16 + A S) 2 cos 60~ arc cos (16 + A~) 3/2 ' 

* : T - - -  2 
1 q- cos 6 2 

A = In 
1 - -  cos 6 cos 6 

The la t ter  equation (18) may be obtained on the basis  of [9] when Eq. (1) is expressed in se r ies  in powers 
of cos (6 + A0), neglecting t e rms  in the expansion of cos (6 + A0) of the fifth and higher o rders .  

Coo 

5 
(6 + zxo) 

vo, uo 

N O T A T I O N  

is the velocity of the unperturbed flow; 
is the semiaper ture  angle between the direct ions of the jump (shock wave) and the unperturbed 

flow; 
is the semiaper ture  angle of the cone; 
is the semiaper tu re  angle of the surface separat ing the l ayer  of injected gas f rom the external 

flow; 
a re theve loc i tycomponen t s  in the directions 0 and r; 
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r ,  0 
p , p , T  

R = 8.314.103 J / d e g K .  mole  

=  /Cv; 

_~ = PO/P6 + AO; 
8-b~O 

go pale 
m =psvs;  6 

= poo /pl3 

S u b s c r i p t s  

5, 0, 6 + A 0 , ~  

m 

a r e  the polar  coord ina tes ;  
a r e  the densi ty,  p r e s s u r e ,  and t empera tu re ;  
is t h e m o l e e u l a r  weight  of the injected gas; 
is the gas  constant ;  

is the ave r age  p r e s s u r e  in the section BC (Fig. 1); 

is the ra t io  of the densi t ies  in f ront  of and behind the shock wave.  

r e s p e c t i v e l y  r e p r e s e n t  conditions on the cone, on the r a y  O, on the su r face  of separa t ion ,  
and in the unper turbed  flow; 

co r r e sponds  to the condition in which the jump (shock wave) deviates  f r o m  the noise  of 
the cone,  

1. 
2. 
3. 
4. 
5. 
6.  
7. 
8. 
9. 
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